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Review Article

In this paper, the bifurcation theory of dynamical system is applied to study the traveling waves of the (3+1)-
dimensional Zakharov-Kuznetsov Equation with Power Law Nonlinearity. By transforming the traveling wave system
of the Zakharov-Kuznetsov equation into a dynamical system in R?, we derive various parameter conditions which
guarantee the existence of its bounded and unbounded orbits. Furthermore, by calculating complicated elliptic
integrals along these orbits, we obtain exact expressions of bounded traveling wave solutions of the (3+1)-dimensional

Zakharov-Kuznetsov equation for n=1.
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INTRODUCTION

The ZK equation is a very attractive model
equation for the study of vortices in geophysical flows.
The ZK equation appears in many areas of physics,
applied mathematics and engineering. In particular, as
an important model to describe nonlinear ion acoustic
waves in a strongly magnetized lossless plasma
composed of cold ions and hot isothermal electrons,
traveling waves of the (3+1)-dimensional Zakharov-
Kuznetsov equation have been concerned widely.

In 2010, by means of the classical and the
associated vector fields method, Dong et al. derived the
reductions and some new solutions of the (3+1)-
dimensional Zakharov-Kuznetsov equation [1]. In 2012,
Zhang and Zhou [2] obtained the bounded solitary
wave, periodic, kink and antikink solutions to the ZK
equation in general form by employing the bifurcation
theory. In 2013, Wronskian form expansion method
was applied in [3] to obtain new interaction solutions of
(3+1)-dimensional ~ Zakharov-Kuznetsov  equation.
Later, by using improved fractional sub equation
method, S. Sahoo and S. Saha Ray constructed the
analytical exact solutions of (3+1)-dimensional
generalized  fractional KdV-Zakharov-Kuznetsov
equations [4]. In 2016, Moleleki et al., proposed Kudry-
ashov and Jacobi elliptic function method to construct
exact solutions of the (3+1)-dimensional Zakharov-

Kuznetsov equation [5]. In 2017, Lu et al., used
modified extended direct algebraic method to obtain
new exact solitary wave, soliton and elliptic function
solutions of (3+1)-dimensional nonlinear extended
Zakharov-Kuznetsov and modified KdV-Zakharov-
Kuznetsov equations [6]. In the same year, by using the
modified form of the Kudryashov method, exact
solutions to conformable time fractional (3+1)-
dimensional equations were derived [7]. In 2018, Wang
et al. used modified extended mapping method to get
exact traveling wave solutions of different forms such
as bright and dark solitary wave, periodic solitary wave,
dark and bright soliton, etc [8].

In this paper, we consider the (3+1)-
dimensional Zakharov-Kuznetsov equation with Power
Law Nonlinearity

U +aUmUy + b(Uyy + Uy, + Uz, =0,(1.1)

Where a,b are constants our aim is to
completely investigate all traveling waves of Eq (1.1)
by the bifurcation method of dynamical system [9-12]
and give explicit expressions of bounded wave
solutions.

Traveling wave system and bifurcation analysis
With the following traveling wave transformation

U=Ukyzt)=ul)=ulx+y+z—ct),
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Equation (1) can be transformed into its raveling wave system
—cu' +au™u +3bu" =0 e (211D

Where ’ stands for d/dé and ¢ # 0 is the wave speed. Integrating (2.1) once and retaining an integral constant, we
have
e (2.2)

a
—cU+— UM+ 3DU" =€ oo
n+1

Where parameter e is the integral constant, equation (2.2) has the following equivalent form

u' =,

7 a

1
=2 (-2

u™l 4+ cu +e),
n+1

Which is a dynamical system in R?. which is exactly a Hamiltonian system with the energy function

Hu,v) = %vz o (—L 2 —%uz —eu)...........

3b “(n+1)(n+2)

When n = 1, system convert (2.3) the following form
u =,

Pt a2
v —3b( S U +cu+e),
Firstly, we start with equilibria of system (2.5).

Theorem2.1. When c? + 2ae > 0, system (2.5) has
(c—\/cz+2ae 0)
a ) Ll

two equilibrium, a saddle P; and a

2
center P, (@ 0). Whenc? + 2ae = 0, system

(2.5) has a unique cusp Ps (20) When c? + 2ae < 0,
system (2.5) has no equilibrium.

Proof. When c? + 2ae > 0, a direct calculation shows
that system (2.5) has two equilibrium

_Jc2 2
P1 (C ca+2ae ) 0)' Pz <c+ Ca+2ae ) 0). Letting

M(P;)(i = 1,2,3) denote the Jacabian matrix of system
(2.5) at an equilibrium P;, we have

0 1
M(P,) = |Vc? + 2ae ol
3b

0 1
M(P,) =| +c?+ 2ae 0\.
3b

It is not difficult for one to check that their determinants

are
Vc2 + 2ae
det M (P,) = 3y <0,

Vc2 + 2ae
det M (P) = ——— >0

By the theory of plane dynamic system [13-15] and the
properties of Hamiltonian system (32), it is not difficult
to check that P; is a saddle and p, is a center in this
case.

....... (2.4)

When c¢? + 2ae = 0, the system (2.4) has an unique
equilibrium Py (2 0) with a nilpotent matrix

Me) = o)

It means that P; is a degenerated equilibrium. In order
to be able to further determine the type of P;, we do the
following homeomorphic transformation

c
a=u—a,,8=v,

Which transforms system (2.5) into its normal form

a =B,

By the qualitative theory of differential equation [33
Theorem 7.3, Chapter 2], we have k = 2 and b, =0,
which indicates that P; is a cusp.

When c? + 2ae < 0, it is easy to see that there is no
equilibrium of system (2.5).

Next we need to illustrate the parameter bifurcation sets
with{(a, c,e)|c? + 2ae > 0}, {(a,c,e)|c? + 2ae = 0}
and {(a, c,e)|c? + 2ae < 0}.

Based on the analysis of the equilibrium and the
properties of the Hamiltonian system [19], we have the
following results.

Case 1

Consider c? + 2ae > 0, there is a homoclinic
orbit yconnected to the saddle P,. The center P, is
surrounded by the family of periodic orbits

r(h) = {H(P' Q) = h!h S (h(PZv)'h(Pll))}:
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Where
—c3 + (c? + 2ae)Vc? + 2ae — 3aec
h(P,) = - ,
azb
—c3 — (c? + 2ae)Vc? + 2ae — 3aec
h(PZ) = 9a2b .

Moreover, I'(h) tends to P, as h —» h(P,) and
tends to y as h — h(P,), besides the homoclinic orbit
and periodic orbits, other orbits of system (2.5) are
unbounded, as shown in figure-1(a).

Case 2

Consider c? + 2ae = 0, the system (2.5) has
two types of orbits, of which orbit L was different from
other orbits, but all the orbits here were unbounded, as
show in Figure-1(b).

Case 3

Consider c? + 2ae < 0, system (2.5) has only
one type of orbits, and each orbit is unbounded, as show
in Figure-1(c).

M)a=1,c=1,e=—

(-

Cla=3.c=],e= |

Fig-1: The phase portraits of (2.5)

@a=1,b=%c=1Le=1u(0)=1,u(0)

(b) a 1. b A I, ¢ I, u(0)
4,464 100806, u (0) =0,

Fig-2: Simulations of periodic wave and solitary wave

Finally, we apply numerical simulation method
to verify the correction of the bifurcation results and to
demonstrate wave shapes of various bounded and
unbounded traveling waves of system (2.5). By fixing
parameters in different parameter bifurcation sets and
taking proper initial values, we simulate two types of
bounded traveling waves Figure2.

Explicit traveling wave solutions of Eq. (1.1)

In this section, we will give the explicit
expression of all bounded traveling wave solutions for
Eg. (1.1),

| © 2020 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 101




Li Wei & Minrong Ren., Sch J Phys Math Stat, July, 2020; 7(7): 99-103

Consider the periodic orbits, from the energy function (2.4), any one of the periodic orbits I"(h) can be expressed by

v = i\/%\/(u - u1)(u - uz)(us —u),

Where uq, u,and us are reals and u; < u, < u < uj. Assume that the period of these closed orbits is 2T, and choose
u(0) = u,, we have

£
fdf,0<f<T.
0

LZ(J(u ul)(u uy)(uz —u)
f \/7\/(71 ul)(u—uz)(u3—u) g

0
deé,—-T <& <0.

which can be rewritten as

=|¢&,-T<&LT.

f” du
vz \/%\/(u —up)u —uy)(uz —u)

By calculating the elliptic integral
u dp I J(uz — ) (u — 1)
g-sn k

s — ) (U — ) (g — 1) (us — u)(u—wy)’

_ 2 2 _ Uz—Up
Whereg—mandk =
U, —u Uz —u
w, (§) = uy + (uz — 1) (s — 1) ,—T < &<T.(3.1)

(g =) = (g — ) - sm2( |25 1) )

Consider the homologous orbit, by (2.5), the homologous orbit y can be expressed by
, a f a
v=1 %\/(u - u4)2(u5 - u) == %(u - u4)1lu5 —u,
c—@ and c+2vc2+2ae

Ug = Tsatisfy the condition that u, < u < us. Choosing initial value u(0) = us,

Where u, =
we have

[ au =j0df,f<o,
# \/%(u—u4)\/115,——u, ¢

f du _
us \/Zib (u— u4)\/ Us —u, 0

3
d¢, &> 0,

Which can be rewritten as

u du
| = —|gl, o0 < § < +oo,
Us ’%(u — Uy us — 1,

Noting that

= In ,
us U= U Jus —u,  Jus—uy Jus —up+fus —u

f“ du 1 Jus —uy — Jus —u
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We get the expression of solitary wave solution of the system (2.4)

2
(us — uy) (1 - exp< /%(us - u4)|f|)>

U (&) = us —

(1 +exp< & (u —u4)|s|)>

,—00 < & < 400,

It’s easy to check that u, (&) = u,(—¢), It means that u, (&) can be simplified to the following form

(s — 1) (1 - exp( & (us - um))

u () = us —

CONCLUSIONS

In this paper, we apply the bifurcation method

of dynamical system to study all types of traveling
waves of the (3+1)-dimensional Zakharov-Kuznetsov
equation thoroughly. Our results show that bounded
traveling wave solutions of the (3+1)-dimensional
Zakharov-Kuznetsov equation (n = 1) can be divided
into two types, including the periodic wave solution and
the solitary wave solution. Moreover, when n is odd,
bounded traveling wave solutions of the (3+1)-
dimensional Zakharov-Kuznetsov equation is similar to
the expression of (n = 1).
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